Let G × + be the graph on the vertex-set the positive integers N, with n joined to m if n = m and for some x, y ∈ N we have x + y = n and x · y = m . A pair of triangles sharing an edge (i.e., a K 4 with an edge deleted) and containing three consecutive numbers is called a 2-fan, and three triangles on five numbers having one number in common and containing four consecutive numbers is called a 3-fan. It will be shown that G × + contains 3-fans, infinitely many 2-fans and even arbitrarily large "bundles" of triangles sharing an edge. Finally, it will be shown that χ G × + ≥ 4.
Motivation
If we colour the positive integers N with finitely many colours, then, by Ramsey's Theorem, we find two one-to-one sequences x n ∞ n=1 and y n ∞ n=1 in N such that each set x n + x m : n, m ∈ N, n = m and y n · y m : n, m ∈ N, n = m is monochromatic. On the other hand, it is known (cf. [HS, Chapter 17.2] ) that one can colour the positive integers with finitely many colours in such a way that there is no one-to-one sequence x n ∞ n=1 such that x n + x m : n, m ∈ N, n = m} ∪ x n · x m : n, m ∈ N, n = m is monochromatic. However, it is not known if for any finite colouring of N there are distinct x and y in N, such that x + y and x · y are monochromatic (see also [HS, Question 17.18] ). Moreover, it is not even known if there are x and y in N, not both equal to 2, such that x + y and x · y are monochromatic.
Let us state this problem in terms of graphs: Let G × + = (N, E) be the graph on the vertex-set the positive integers N, with (n, m) ∈ E if n = m and for some x, y ∈ N we have n = x + y and m = x · y . Notice that for all n ∈ N, (n, n + 1) ∈ E (this is just because n = 1 · n and n + 1 = 1 + n). If we colour N, then a monochromatic edge of G × + is an edge (n, m) such that n has the same colour as m. Now, the question reads as follows: If we colour N with finitely many colours, does G × + has a monochromatic edge? If there would be a 2-colouring of N such that G × + has just finitely many monochromatic edges, then we could easily construct a finite colouring of N such that no edge of G × + is monochromatic. But it is not hard to show that G × + has arbitrarily "large" triangles, and therefore, for any 2-colouring of N, G × + has arbitrarily "long" monochromatic edges. In fact, for any positive integer m there are x 0 , y 0 , x 1 , y 1 , x 2 , y 2 ∈ N such that m < min{x 0 , y 0 , x 1 , y 1 , x 2 , y 2 } and x 0 + y 0 = x 1 + y 1 , x 1 · y 1 = x 2 + y 2 and x 0 · y 0 = x 2 · y 2 . To see this, fix some positive integer m and let a ∈ N be such that a > m. Let h be any positive integer and define x 0 , x 1 , x 2 , and n as follows: x 0 = 2ha 2 , x 1 = a, x 2 = ha, and n = 4ha
. Now, by definition we have x 0 + y 0 = x 1 + y 1 and x 1 · y 1 = x 2 + y 2 , and in addition we also get
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Fans
For a positive integer , an -fan is a subgraph of G × + of the following type:
y y r r r r r r r r r r r r r r r r r r r r r r r m where an arrow from n to m indicates that there are x, y ∈ N with x + y = n and x · y = m respectively.
The following result provides a characterization of -fans. Proof. Sufficiency: For each i ∈ {0, 1, . . . , } let
Then, by assumption, for i ∈ {0, 1, . . . , − 2}, k i is rational with denominator at most 2, and by definition, 
Solving this equation for k i and using the fact that k i ≤ (n − i)/2 we get 
Since c 2 − d 2 = 2(n − ) + 1 we get n = a + b + 2ab + , and since d 2 = (n − ) 2 − 4m and d = a − b we get m = a(a + 1)b(b + 1). Finally, substituting the values of n and m in (1) we get that for each i ∈ {0, 1, . . . , },
which implies that for each t ∈ {1, 2, . . . , −1}, (a + b + t + 1) 2 + 4abt is an integer. Proof. By Theorem 2.1, n, n − 1, n − 2, m is a 2-fan of type 0 if and only if n = 2(a + a 2 + 1), m = a 2 (a + 1) 2 and (2a + 2) 2 + 4a 2 is an integer. Now, (2a + 2) 2 + 4a 2 = 2 a 2 + (a + 1) 2 , which is an integer if and only if there is an integer c such that
or in other words, if (a, a + 1, c) is a Pythagorean triple. It is well-known that there are infinitely many Pythagorean triples of this form (see [Sl, A001652 & A001653] 
(cf. [Sl, A001652 & A001653] ). So, for any positive integer j, n j , n j − 1, n j − 2, m j is a 2-fan of type 0, where n j = 2(a j + a 2 j + 1) and m j = a 2 j (a j + 1) 2 . By the way, also c j is
Proposition 2.3. G × + contains infinitely many 2-fans of type 1.
Proof. By Theorem 2.1, n, n − 1, n − 2, m is a 2-fan of type 1 if and only if n = 2a 2 + 1, m = a 2 (a 2 − 1) and √ 8a 2 + 1 is an integer. Now, 8a 2 + 1 is odd, and thus, if 8a 2 + 1 is a square, then there is a t such that 8a 2 + 1 = (2t + 1) 2 . Consequently we get 8a 2 = 4t 2 + 4t = 4t(t + 1), which implies
or in other words, a 2 is a triangular number. The numbers a j such that a 2 j is triangular we get by the following recursion (cf. [Sl, A001109] ):
So, for any integer j ≥ 2, n j , n j − 1, n j − 2, m j is a 2-fan of type 1, where n j = 2a Proof. By Theorem 2.1, n, n − 1, n − 2, m is a 2-fan of type 2 if and only if n = 2a(a − 1), m = (a − 2)(a − 1)a(a + 1) and 8a(a − 1) is an integer. Now, 8a(a − 1) = 16a(a − 1)/2, and thus, if 8a(a − 1) is a square, then so is a(a − 1)/2 is a square as well, but a(a − 1)/2 is a triangular number. In other words, 8a(a − 1) is a square if and only if the triangular number a(a − 1)/2 is a square. The numbers a j such that a j (a j − 1)/2 is a square are given by the following recursion (cf. [Sl, A055997] ):
So, for any integer j ≥ 2, n j , n j − 1, n j − 2, m j is a 2-fan of type 2, where n j = 2a j (a j − 1) and m j = (a j − 2)(a j − 1)a j (a j + 1).
Proposition 2.5. G × + contains infinitely many 2-fans of type 3.
Proof. By Theorem 2.1, n, n−1, n−2, m is a 2-fan of type 3 if and only if n = 2a(a−2)−1, m = (a−3)(a−2)a(a+1) and √ 8a 2 − 16a + 1 is an integer. Now, if 8a 2 −16a+1 = c 2 for some odd integer c = 2t + 1, then 8a
2 − 16a = 4t(t + 1), and thus, a 2 − 2a is a triangular number. In other words, 8a
2 − 16a + 1 is a square if and only if a 2 − 2a is triangular. If we setã = a − 1, thenã 2 − 1 = a 2 − 2a, and thus, 8a 2 − 16a + 1 is a square if and only ifã 2 − 1 is triangular. The numbersã j such thatã 2 j − 1 is triangular are given by the following recursion (cf. [Sl, A006452] ):
So, if we put a j =ã j + 1, then for any integer j ≥ 2, n j , n j − 1, n j − 2, m j is a 2-fan of type 3, where n j = 2a j (a j − 2) − 1 and m j = (a j − 3)(a j − 2)a j (a j + 1).
On 3-fans. In order to find 3-fans, we have to find positive integers a and b with b ≤ a such that (a + b + 2) 2 + 4ab and (a + b + 3) 2 + 8ab are simultaneously integers. On the other hand, I could not find a single 4-fan in G × + , even though there is no obvious reason why 4-fans should not exist. However, for 1 ≤ a ≤ 10 6 , there are at least no 4-fans of type less than or equal to 5000.
Bundles
A set of triangles sharing an edge we call a bundle of triangles or just a bundle. If a bundle contains triangles, then we call it an -bundle. In the following we will show that G × + contains -bundles for arbitrarily large integers . Proof. Let ∈ N be given and let b ∈ N be any odd integer with b > 1. Let n = (b +1)
2 /2 and note that n ∈ N since b is odd. Further, let m = n − 1 and for each i ∈ {1, 2, . . . , } let
, and Next we claim that k 1 < k 2 < . . . < k < m/2 (and consequently n 1 < n 2 < . . . < n ). Indeed, for i ∈ {1, 2, . . . , − 1} we get
To complete the proof we observe that for each i ∈ {1, 2, . . . , } we have
4 On χ G × + and χ Ġ ×
+
In this section we will see that the chromatic number of G × + is at least 4. Moreover, even if we delete the edges of the form (2x, x 2 ), it can still not be 3-coloured. We show this by giving two subgraphs with chromatic number 4, which we found with the help of Prolog.
Proof. Let G 10 be the subgraph of G × + induced by the 10 vertices 6, 7, 8, 9, 12, 13, 14, 15, 20, and 36: the electronic journal of combinatorics 11 (2004) 
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where an arrow from n to m indicates that there are x, y ∈ N with x + y = n and x · y = m respectively.
Assume towards a contradiction that χ(G 10 ) = 3. So, let us colour the vertices of G 10 with three colours, say x, y, and z. Without loss of generality, let us colour 8 with colour x and 6 with colour y, denoted [8, x] and [6, y] , respectively. Now, the edge (7, 6) makes it impossible to colour 7 with y. To keep the notation short, let us write this in the form 7 : (7, 6) → ¬y . Further, we have 7 : (8, 7) → ¬x , and thus, together with 7 : (7, 6) → ¬y , this implies [7, z] .
Consequently we get the following:
12 : (7, 12) → ¬z ; 12 : (8, 12) → ¬x , thus [12, y] ; 9 : (9, 8) → ¬x ; 9 : (6, 9) → ¬y , thus [9, z] Proof. LetĠ 29 be the subgraph ofĠ × + induced by the 29 vertices 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 32, 33, 36, 40, 44, 45, 48, 72, 80, 84, 90, and 120. Assume towards a contradiction that χ(Ġ 29 ) = 3. So, let us colour the vertices ofĠ 29 with three colours x, y, and z. Without loss of generality, let us colour 14 with colour x. Since, the four numbers 13, 14, 22, and 40 form a pair of triangles sharing the edge (13, 40), 22 must get the same colour as 14, so we have to colour 22 also with x. Now, since 22, 23, and 120 form a triangle, 23 and 120 must get the colours y and z. Thus, the electronic journal of combinatorics 11 (2004) 
